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Abstract 

For a function ip(w) analytic and univalent in {w : 1 < \w\ < 00} with a simple pole 
at oo and a continuous extension to {w : \w\ > 1}, we consider the Faber polynomials 
F n (z), n - 0,1,2,..., associated to ip via their generating function ip'(w)/ (ip(w) - z) = 
LT=o F n (z)w~( n+1 \ Assuming that xp maps the unit circle Ti onto a piecewise analytic 
curve L whose exterior domain has no outward-pointing cusps, and under an addi- 
tional assumption concerning the "Lehman expansion" of ip about those points of Ti 
mapped onto corners of L, we obtain asymptotic formulas for F n that yield fine results 
on the location, limiting distribution and accumulation points of the zeros of the Faber 
polynomials. The asymptotic formulas are shown to hold uniformly and the exact 
rate of decay of the error terms involved is provided. 

AMS classification: 30E10, 30E15, 30C10, 30C15. 

Key zuords and phrases: Faber polynomials, asymptotic behavior, zeros of polynomials, equilib- 
rium measure, Schwarz reflection principle, conformal map. 

1 Introduction 

Let cp be a function with a Laurent expansion at oo of the form 

(p(z) = b 1 z + b + — + ^Y + ---, h*0, limsuplfo-//" < oo. (1.1) 

2 Z n—>oo 

The nth Faber polynomial F n (z), n - 0, 1, ... , associated with <p is the polynomial part 
of the Laurent expansion at infinity of the function [cp(z)] n . 
We shall frequently use the following notation: given r > 0, 

TV := {w : \iv\ - r}, A,- := {w : r < \w\ < oo}. 

The inverse function of (p, denoted by xp, is well-defined in a neighborhood of 
oo, and there is a smallest number p < oo such that ip has an analytic and univalent 
continuation to A p \ {oo}. If p = 0, then cp is linear and F,,(z) — {b\Z + bo) n . Being this 
case a trivial one, we assume hereafter that cp has been normalized so that p = 1. 



Then, the function ip maps Ai conformally onto a simply-connected domain Q, 
and consequently, (p has a conformal extension to Q, with <p(Q) — A\. Conversely, 
by the Riemann mapping theorem, given any simply-connected neighborhood Q of 
oo whose boundary contains more than one point, there is, up to a multiplicative 
unimodular constant, a unique conformal map <ft of Q onto Ai that complies with 
(|1.1[) . Hence, Faber polynomials are often introduced as being generated by simply- 
connected neighborhoods of co. 

The function (in the variable w) ip'(iv)/ (ip(w) — z) is called the generating function 
of the Faber polynomials, since as shown by Faber [4] (see also |20|), its Laurent 
expansion at oo is 

_ f Fn(z) (12) 

xb(w) - z i—i w n+1 ' 

1 n=0 

By an application of Cauchy integral formula, (|1.2|l yields the following integral 
representation for the Faber polynomials: for every R > 1 and z lying in the interior of 
the level curve Lr := {ip(w) : \w \ = R}, 

1 £ t n xp'{t)dt 
F n (z) = —.(b J A W , (1.3) 

2m Jt r V( f ) - z 

while for z lying in the exterior of Lr, 

1 f t n ib'(t)dt 

F n (z) = i<t>(z)r + — <b -77^-. (i.4) 

It this paper we investigate the asymptotic behavior of the Faber polynomials 
and their zeros for certain domains Q that are bounded by piece wise analytic curves. 
Hence the title of this paper. More precisely, we consider domains (or equivalently, 
functions ip) satisfying assumptions A.l and A.2 to be stated in what follows. 

We define an analytic arc as being the image of the interval [0, 1] by a function /(£) 
analytic in [0,1] such that /'(f) t for all f £ [0,1] and f(t x ) + /(f 2 )forall0 < h < t 2 < 1. 
The endpoints of the arc are /(0) and /(l), which may coincide. We call the arc simple 
if / is one-to-one on [0, 1]. Notice that, according to this definition, an analytic Jordan 
curve is also an analytic arc. Our first assumption is: 

A.l: The map ip has a continuous extension to Aj and there are s > 1 distinct points 
«i, 0)2/ • • ■ , co s in Tx such that if t is any of the s open circular arcs that compose 
Ti \ {o)i,<x>2, . . .,o) s }, say with endpoints (Ok, (Oj, then xp is one-to-one on i and 
ip Ctj is an analytic arc with endpoints ip((Ok), ip((Oj) (see FigureH). 

Thus, dQ, is a piece wise analytic curve that we denote by L. Let z € L and w = e 1& 
be such that z = ip(w). The exterior angle at z relative to w is defined to be that angle 
a e [0, 2n ] such that 



arg[^(e 10 )-z] 

Let 



jg as e -> e- , 

P + a as -> + . 



z k := ip((D k ), ke{l,2,...,s} 
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Figure 1: Illustration of a map ip satisfying conditions A.l and A.2. 

These points z k will be called the corners of L. Notice that they are not necessarily 
pairwise distinct. 

For each k e {1,2, ... ,s}, let A k € [0,2] be such that A k n is the exterior angle at z k 
relative to oty. It is well-known that when A k > 0, the mapping ip has an asymptotic 
expansion about co k in functions of the form 



(w - oj k ) l+ ' Ak (\og(w - (o k )) m , weC\ [tw k : f < 1}, 



(1.5) 



with / > 0, j > 1, and m > integers (see |15| and also [I7l pp. 57-58]). We will refer to 
it as the Lehman expansion of ip about oj k and its exact meaning is explained in Section 
H]below. Logarithmic terms (i.e., functions of the form (11.51 ) with m > 1) may occur in 
the expansion only if A k is a rational number. Our second assumption on \p is: 

A.2: Ajt > for every k e {1, 2, . . . , s}, and if A k € {1, 2} for all k e {1, 2, ... , s}, then there 
is at least one k for which logarithmic terms occur in the Lehman expansion of ip 
about oo k . 

If A k g {1,2}, then co k is a singularity of \p, and a sufficient condition for an w k 
with A k e {1,2} to be a singularity of ^ is precisely that logarithmic terms occur in 
the Lehman expansion of ip about w k . We do not know whether this condition is also 
necessary. If that were the case, we could simply rephrase A.2 by saying that all the 
A k 's are positive and at least one w k is a singularity of \p. 

Let us then consider a map ip satisfying A.l and A.2. The letter G will denote the 
complement of Q, so that if L is a Jordan curve, G is the interior domain of L. 

A first observation is that the asymptotic behavior of F n in Q is already given by 
the integral representation (|1.4|) : for arbitrary 1 < R < r, 



F„(z) = [0(z)f 



1+0 



llY 



(1.6) 



uniformly on i/>(a ; .) as n — > co. Hence, every closed subset of Q will be free of 
zeros of F n for n large enough, and all accumulation points^ of the zeros of the Faber 



1 t is an accumulation point if every neighborhood of t contains zeros of infinitely many polynomials F n . 
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polynomials must be contained in G. 

Formula fll.61) has been previously extended to L in the pointwise sense, under 
the additional assumption that L is a Jordan curve. In this case (p has a continuous 
extension to L and a more general result of Pritsker |fl8l Thm. 1.1] about the behavior 
of weighted Faber polynomials implies that if z € L is not a corner, then 

F n (z) = [cp(z)m + o(l)), (tt^oo) (1.7) 

while for every corner Zjt, 

F n (z k ) = Ak[cp(z k )] n (l + o(l)), (n oo). (1.8) 

The behavior of F n in G has remained quite unknown, but at least for L a piecewise 
analytic Jordan curve without cusps, Gaier |5) was able to derive uniform estimates 
on the decrease of F n of the form 

F n (z) = 0(n A ), zeG, (1.9) 

where A is the smallest of the exterior angles at the corners of L. 

In this paper we much improve these results by providing asymptotic formulas 
for F n that do not require L to be a Jordan curve and that hold uniformly on closed 
subsets of the complex plane. Moreover, our estimates for the rate of decay of the 
error terms involved are, in general, best possible. Theorems 12.31 12.41 and 12.51 of 
Section |2] are the strengthened versions of (1.6) . (|1.7|) and (|1.8|) . while Theorem 12.11 
transparently describes the behavior of F n in G, yielding, in particular, Gaier 's estimate 
(|1.9|) . Theorem 12. 1 1 also shows that the pointwise estimates given by Gaier in Thm. 
2] indeed hold locally uniformly on G. 

As for the zeros of F n , the fact that the map i/> under consideration has a singularity 
on Ti implies, by a general result of Ullman 1201 Thm. 1], that all points of L are 
accumulation points of the zeros of the Faber polynomials. A later complement to 
Ullman's results by Kuijlaars and Saff |fl4l Thms. 1.3, 1.4] implies that there is always 
a subsequence of the sequence {v„} n >i of normalized counting measures of the zeros 
of the F n 's that converges in the weak*-topology to the equilibrium measure y.i of L, 
and this is true of the entire sequence provided that G = (see (13.51 1 and d3.6l > in Section 
[3] for definitions of v n and 

We will be able to say much more. In Section [3] we show that, independently of 
whether G is connected or not, there is always a subsequence of {v n }„>i that converges 
in the weak*-sense to /jl- In fact, under an additional assumption that is naturally 
satisfied in a large number of cases (including when L is a Jordan curve), we prove 
that compact subsets of G contain at most a finite (independent of n) number of zeros 
of every F n , forcing the whole sequence {v n } n >\ to converge to Furthermore, under 
that assumption we are also able to characterize those points of G that are accumulation 
points of the zeros of Faber polynomials. 

Faber polynomials for particular domains of the complex plane has been the subject 
of many recent works, in several of which the boundary of the domain is precisely 
a piecewise analytic curve, for example, m-stars H), Ifl3 | , circular lunes 0, m-fold 
symmetric curves and certain lemniscates lfl"0"H , annular and circular sectors |6i|, Q. 
Our results apply to all these examples. 
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The rest of this paper is organized as follows. Section [2] presents the asymptotic 
formulas for Faber polynomials, in Section|3]we draw some conclusions on their zero 
behavior and analyze two concrete examples. In Section [4] we discuss in detail the 
Lehman expansion of the exterior map ip, and finally in Sections |5] and |6] we prove all 
the results. 



2 Asymptotic behavior of F n (z) 

Recall that we are considering a map ip satisfying assumptions A.l and A.2 stated in 
the introduction. Let 0i, 02, . . . , S be the arguments of the numbers w k , that is, 

ojjc = e i@k , 0<& k <2n, l<k<s. 

Assumption A.2 is independent of the branches chosen for the functions in dl.5l) 
in a ^-neighborhood of the form {w e Ai : < \w - w k \ < b). However, to simplify 
the statements of our results, we choose those corresponding to the branch of the 
argument 

0/ c - n < arg(w - coj.) <© k + n, w e C \ {tco k : t < 1}. 

We shall say that w k is relevant if either A k £ {0, 1, 2}, or if A k e {1, 2} and logarithmic 
terms occur in the expansion of i[> about co k . With this definition, condition A.2 states 
that all A/ C 's are positive and that there is at least one relevant co k . 

Let now v > 1 be the number of relevant (o k 's. Hereafter we shall assume that 
the cost's have been indexed in such a way that co\, 0J2, • ■ • , a> v are precisely the relevant 
ones. The following weaker version of the Lehman expansion of ip about a relevant 
cojt is sufficient to state our main results. 

If k e {1,2, . . . , v] is such that Afc t {1, 2}, then there is A k ± such that as w — » o)jt 
from the exterior of the unit circle, 

xp{w) = z k + A k (iv - oo k ) Ak (1 + o(l)) , (2.1) 

while if k e {1, 2, . . . , v} is such that A k e {1, 2}, then there exist positive integers r k , m k 
with r k > A k and 1 < m k < lr k /A k \, and complex numbers A k ^ 0, c k Q + 0, c\, c k 2 ,..., c\ _ v 
such that as w — > oj k from the exterior of the unit circle, 

nt-i 

iP(w) =z k + Y, c > ~ ^) Ak+l + M*> ~ ^Y k+h (log(w - u k )) mk (1 + o(l)) • (2.2) 
/=o 

From relations (|2.1|l and l|2.2|) , we associate to each relevant co k (1 < k < v) the 
number A k , the numbers r k and whenever Aj. € {1, 2}, and the following pair: 

rA MV-I (A)C ' 0) ' if A fc ^ {1,2}, 
^ + AkfTnk _ 1)f if Ajt€{1/ 2}. 

Observe that A^ > 2 if A fc £ {1, 2}. We will say that (A^Mjt) < (A ; ,My) if either A^ < A ; , 
or Ajt = A; and M/ c > M/. 
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By reindexing the relevant cojt's if needed, we may assume that w\,...,w v are such 
that 

(At, Mi) = • • • = (A«,M„) < (A u+1/ M„ +1 ) < • • • < (A V ,M V ), 

for some u 6 {1,2,..., v}. 

For any two integers n, m > and a real jS > -1, we define 



ap, m (n)~ f x n (l - xf (log(l - x)) m dx. (2.3) 
Jo 



ThenB 



r(j8 + l)n!(- log n)<" [1+0(1/ log n)] 

^ (B) = F(n + j 3 + 2) (Z4) 

_r(/3 + l)(-logn) m (l + o(l)) 

as n — > oo. 

Recall that we have defined L := <9Q and G := C \ Q. We first consider the behavior 
of F n on G. 

Theorem 2.1. Lef| 



Ci := 



[r(-Ai)r(Ai)] _1 , if he {i,2}, 

(-l) A ^- 1 m 1 A ll if Aie {1,2}. 



Then, for every z e G, 



= Ci V + R n (z), (2.5) 

i-^ Z — Zt 



zy/jere R„(z) converges to zero locally uniformly on G. 

Remark 2.2. Since some of the z k 's may coincide, it is possible that for some subse- 
quence {nj} C N, the rational functions ££ =1 A k e l{ - n ' +Al)@k I {z - z k ) occurring in (23]) be 
(or at least converge to) the constant zero function (see the example discussed at the 
end of Section [3}. Nevertheless, as we show with that example (see Theorem 13.91 and 
its proof), in a situation like this we could still be successful in proving that, after 
proper normalization, [F n .] behaves like certain sequence of rational functions that do 
not approach zero. The proof can be attempted as follows: write (|1.3|) as in (|5.30[) , then 
combine identity (|5.14|) with the Lehman expansion of ip about co/t to obtain, for each 
of the integrals under the £ sign of (15.301 1, subsequent terms of its expansion as a sum 
of rational functions whose denominators are powers of (z - zjt). 

Let us now turn our attention to Q. For every z 6 Q, let rj(z) be the (finite) number 
of elements of the set jw e Ai : ijj(xv) = z}. These elements will be denoted by 

ef>i(z), (p2(z),...,(p n{z ){z), 



2 A proof of (|2.4| is given at the end of Section [5] 
3 The letter T stands for the Euler gamma function. 
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being irrelevant the order in which they are numerated. Of course, t]{z) = 1 and 
<pi(z) = (p(z) for zeQ. 

Because Q has no outward-pointing cusps, if z 6 L and two elements of {w € Ti : 
ip(w) = z} belong to Ti \ {coi, . . . , a) s }, then indeed r/(z) = 2. Hence, 1 < r\(z) < s + 1, and 
when z is not a corner, t](z) < 2. 

For every z € L and 1 < j < r\(z), let Xj(z)n (0 < Ay(z) < 2) be the exterior angle at z 
relative to <£y(z). Then, only if z is a corner of L it is possible to have Ay(z) 1 for some 
1 < j < rj(z). Let us define 



Lx := (z € L : rj(z) = 1, A 1 (z) = l} / 

L 2 := (z £ L : r?(z) = 2, Ai(z) = A 2 (z) = l) U {z* : A k = 2} . 
Observe that 

L = Li U L 2 U {zi,...,z s }. 
Let 0„ : Q — > C be defined by 

f[(/)(z)f, zeQ, 

O n (z) := 



(2.6) 
(2.7) 



n (z) 



Theorem 2.3. For ecery z e Q, 



^Ay(z)[c/) ; (z)f , ZGL. 
l/=i 



F n (z) = O n (z) + R n (z), 



(2.8) 



zyftere R n (z) is such that 

(a) if E is a closed set and either E c Q U L\ or E c L 2 , f/ien R„(z) = (9(n~ A *(logn) M *) 
uniformly asn — > oo on F, wfere (A*,M*) zs t7ze smallest element of the set 

{(Ai, Mi)} U {fa, M*) ■ 1 < k < u, z k e E} ; 

(i>) for j - 1,2, ... ,s, R n (zj) -0{n A > (log n) M i^j as n — > oo r where (A* r M*) is the smallest 
element of the set 

{(Ai,Mi)} U {fa,M fc ) : j/»(o) fc ) = zy, A, 6 {1,2}) . 

We can be more specific for closed subsets of Q U L\ or L 2 without corners. 

Theorem 2.4. Let E c (Q U Li) \ {zi, . . . ,z s } be a closed set. There exists an open set U D E 
swc/z t/zat (/j Tzas an analytic and univalent continuation to U and 



F n (z) = [4>(z)] n + a Al - lMl (n) 
with R n (z) —> uniformly onU asn — > oo. 



V fc=i 



i(n+Ai)0)fc 



z-z fc 



+ R„(z) 



(2.9) 
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Let now E c L2 \ \z\, . . . ,z s } be a simple analytic arc. Then, there is a "strip-like" 
connected neighborhood UofE such that U n L is a simple analytic arc contained in E2, 
IT \ L consists of two open components U + , U~, both contained in Q, and if z* denotes 
the Schwarz reflection of z about the analytic arc E, then z* e U ± if and only if z e IT". 

Let <p+, (p- be the restrictions of <p to !J + , II - , respectively. Each of these functions is 
continuous along the arc fin L, mapping it onto an arc of the unit circle. By the Schwarz 
reflection principle Q, each function has an analytic and univalent continuation to all 
of U, whose values on U ± are given by 

1 

<p±(z) - ■ z e U + . 

Theorem 2.5. Let E c hi \ \z\, . . . ,z s ] be a simple analytic arc. There exists a neighborhood 
UofE as described above such that for all z e U, 



F„(z) = [<t> + (z)] n + [<P-{z)\ n + a Al _!, Ml (n) 



with R n (z) — > uniformly onU asn — > 00. 



1 " A k e* n+A J @ * 



z - z k 

k=l K 



(2.10) 



Remark 2.6. 1) Concerning how fast the error terms R n (z) in (|2.5| |, (12.91 ) and (12.101) 
approach zero, the best it can be said, in general, is that they decrease at least as fast as 
the dominant terms in the right-hand side of (I5.32I ) in page|26l where the rate of decay 
of the functions r 0k /tr (z) therein is estimated in the table of Remark |5.4| in pagel22l 

2) The estimates provided in Theorem |2.3| for R„(z) are also best possible, as can be 
verified from relation (|5.45D for part (a), and from relation (15.491 ) for part (b). 



3 The zeros of F n (z) 

In this section we draw from our previous results some conclusions about the location, 
accumulation points and limiting distribution of the zeros of Faber polynomials. 
From Theorem |2.3| we immediately see that 

Urn = 1 (3.1) 

n^oo 0„(z) 

locally uniformly on Q U L\, where O^Iqu^j is simply the continuous extension of 
[(p(z)] n to Q U L\. Hence, we have 

Corollary 3.1. For every closed set E c Q U L\, there is a number Ne such that when n > Ne, 
F n (z) has no zeros on E. 



Let us now focus on the effect that Theorem 12.11 has on the zeros of F n . It is 
interesting that asymptotic formulas similar to (|2.5|) are also satisfied by orthogonal 
polynomials on the unit circle with respect to certain types of weights. Some of the 
results that follow are basically known consequences of such type of behavior, see e.g., 

fH. 
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We first rewrite 02.51 ) in a more suitable way. Put 

A k := A k e iM{@k - @l) , l<k<u, 
and let 6\, Qr,...,Q u be such that 

e 2nie k = ( m-e 1 ) t g k 6 (0/ x]/ 1 < k < u , 

so that 02.51) takes the form 



F n (z) = H n (z) + 0(1) (3.2) 
locally uniformly on G as n — > oo, where 

F* n (z) = [c 1 e i ^ +A ^a Al - 1Ml (n)] F n (z), H n (z) = V . (3.3) 

fc=l 2 Zfc 

In view of (|3.2|) and the form of the rational functions H„, the sequence [F* n } n >\ is a 
normal family on G, and a function / is the uniform limit on G of some subsequence 
|f* .} ^ if and only if it is the uniform limit of {h^.J Hence, every such / must have 
the form 

k=l K 

Because the z^'s are not necessarily pairwise distinct, some of these limit functions 
can be identically zero, which makes Theorem 12. 1 1 insufficient to describe the zeros of 
the F n 's. Therefore, we shall often make the assumption that 

A.3: no subsequence of {H„}„>o converges to the null function. 

If A.3 is satisfied, then all uniform limit points of {F* n } n >o are nonzero rational 
functions of bounded degree. Let us see what this implies on the limiting distribution 
of the zeros of F n . 

Let v n be the normalized counting measure of the zeros of F n , that is, 

n 

Vn := n_1 bzk '<< ' n = i > 2 '---> ( 3 - 5 ) 

k=l 

where Z\ in ,Z2, n ,- ■ - ,Zn,n are the zeros of F n (counting multiplicities) and 5 Z is the unit 
point measure at z. 

A subsequence {v n .}y>i of {v n }„>i is said to converge in the weak*-topology to a 

Borel measure y. (symbolically, v„. — > \x as j — > oo) if for every continuous function / 

defined on C, lim,^ J fv nj = j ffi. 

Let Hi be the equilibrium measure of L, i.e., the measure supported on L whose value 
at any given Borel set B c L is 

^ l(b) = h J i B " 1:=| ' 6Ti: ^ elj1 ' ^ 

Notice that ^ is a probability measure whose support is L. 
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Corollary 3.2. Assume that A.3 holds. Then, for every closed set E c G there is a number Ne 
such that when n > Ne, F n (z) has at most J - 1 zeros in E (counting multiplicities), where J 
is the number of corners z\. Hence, v n — > ^asn — > oo. 

Remark 3.3. Under assumption A.3, finer results similar to Thm. 4 of [16J (see also 
||2"Tl Thms. 11.1, 11.2]) on the separation, distribution and speed of convergence to L 
of those zeros of F n that lie near L\ can be derived from Theorem 12 .41 

Condition A.3 holds in a large number of cases. For instance, if there is k such that 
Zj ^ Zfc whenever / ± k, as is the case of L a Jordan curve. Indeed, if A.3 does not hold, 
there must be a limit function / (which has the form (|3.4|)) such that for all 1 < j < u, 
H,k:z k =ZjAke lmSk = 0. Certain numbers S k satisfying this last equality can be found if 
and only if 

2 max \A k \ < Y \A k \. 

k:z k =Zj 

k:z k =Zj 

However, whether these found $/ c 's actually correspond to a limit function / depends 
on the specific values of the & k 's and can be determined from the general form of the 
uniform limit points of {H n } n >o that we establish next. 

Among the numbers 1 = 6\, Qi, ■ ■ ■ , U , there is a basis over the rationals containing 
01 H Ch. III. p. 4], say Q Xl 6 2 ,..., B u >, I < u* < u, such that for every k e {1,2, . . . , u], 
there are unique rational numbers r k \, r k 2, ■■■ , Yku* with 



-L 



l<k<u. 

7=1 

Notice that u* - 1 if and only if all the Q k 's are rational, and if u* > 2, then 02, • • • , Qu* 
are irrational numbers linearly independent over the rationals. 

For every k e {1,2, . . . , u), let 1 < p k < c\k be the unique relatively prime integers 
such that 

e 2nir kl _ e 2nip k /q k ^ 

so that 

^me k= 2m(f k+ L% 2 r kj e i ) r (37) 

where in case u* - 1, the sum Y!j=2 ' ' ' above is understood to be zero (notice that 
Pi-qi- 1, but p k < c\k f° r k > 1). 

Let q be the least common multiple of the denominators q\, (\2,---, <]u, and for every 
£= {1,2,..., q}, let 

tp k = s u mod q k , < s k( < q k . 

Observe that two i/-tuples (sk, sje, ■■■ , s u () corresponding to different values of I are 
distinct. 

Theorem 3.4. The functions f that are the uniform limit of some subsequence of{H n } n >o are 
the rational functions of the form 



M = L 



^ (3.8) 

k=l Z - Zk 
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with £ - {1, 2, . . . , q} and ai,..., a u - arbitrary real numbers. In particular, there is always 
such a limit function f that is not identically zero. 

As mentioned in the introduction, a result of Kuijlaars and Saff [I4l Thms. 1.3, 1.4] 
implies that if G is connected, then some subsequence of the counting measures {v n } 
must converge in the weak*-sense to the equilibrium measure of L. From Theorem |3.4| 
we now see that the connectedness of G can be dropped. 

Corollary 3.5. There is always a subsequence {tij} c N such that v n . — > jii as j — > oo. 

In fact, we have seen that as long as A.3 is satisfied (even if G is disconnected), 
it is true that v n — > [ii as n — > oo. But there are examples with G disconnected and 
some subsequence of {v n } converging to a measure supported in G (see the example 
discussed at the end of this section). We have not been able to determine, however, 
whether the connectedness of G is sufficient for v n — > y,i as n — > oo. We leave it as a 

Conjecture 3.6. If G is connected, then v n — > y,i as n — > oo. 

Let us now concentrate on the set Z of accumulation points of the zeros of the 
Faber polynomials, i.e., Z is the set of all points £ e C such that every neighborhood 
of t contains zeros of infinitely many polynomials F n . 

As we pointed out in the introduction, it is always the case that Q Pi Z = 0, and 
having the maps ip under consideration a singularity on Ti, a general result of Ullman 
11201 Thm. 1] implies that LcZ (this also follows from Corollary 13.51 since the support 
of /jl is L). The following characterization of Z H G follows directly from Theorem l3.4l 
and Hurwitz's Theorem. 

Corollary 3.7. Assume A.3 holds. The point t e G also belongs to Z if and only if there exist 
an integer I = {1, 2, . . . , q} and real numbers ai,..., a u > such that 



? 2m 



t-z k 



Remark 3.8. Assume A.3 holds, so that by Corollary 13.71 we have the following. If 
zi = z% = ■ ■ ■ = z„, then Z, n G = 0. Otherwise: 

a) if u* = 1 (i.e., all the 6fs are rational), then the number of points in Z H G is finite, 
namely at most {u - l)q; 

b) if u* - 2, then by fixing I and letting ai vary, equation (|3.9I) can be written as 

go/(z) + gi,e(z)t + ■■■ + g u . lit {z)t u - x = 0, |z| = 1, (3.10) 

where the g)t/(z)'s are certain polynomials, so that if f\, ... ,f m are the algebraic 
functions determined by the algebraic equations in (13.101) (see e.g., [12, Chap. 5]), 
then Z H G consists of the traces left in G by the curves /i(Ti), . . . ,f m (f\), plus 
possibly some of the solution points corresponding to the algebraic singularities 
of the fa's. In particular, when u - 2, equation l|3.9|l reduces to \A\{t - z^\ - 
\A\[f - Z\)\, so that Z H G is the trace in G of a line if |Ai| = \Az\, or of a circle if 
\Ai I ^ |A 2 |; 
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c) if u* > 2, then 21 n G is, in general, a two dimensional domain. 
As an example, consider the mapping 



4>(w) := 



1 _i \l/2 / _i 

\w — co J + (a; - co J + 



1/2 



zco^-ico 172 



1-1 



|w| > 1, 



(3.11) 



where co = e'® 1 , rc/2 < ©i < n, is given and the branch of the root chosen is analytic 
on C \ (-co, 0] and positive on (0, +oo). Then, i^(co) = oo, xp(iu) - ip(J5), and ip maps Ai 
conformally onto the exterior of a piecewise analytic Jordan curve L symmetric about 
the real axis, with corners at zi = i/>(co), z 2 = ^(co). Here, 

cox = co, co 2 = co = e' (27I " 0l) , 6 2 = l-®i/n, A 1 =A 2 = l/2, 

At = -/«[^(co)] 2 , A 2 = ikp{Z5)?. 

Therefore, when Q 2 - f 2 jq 2 is rational, 1 < p 2 < q 2 relatively prime integers, a point 
t interior to L is an accumulation point of the zeros of the F n 's if and only if t satisfies 
one of the equations 

(At + A 2 e 2nis/q2 )t = Atz 2 + A 2 zte lnisl ^, s = 0, 1, . . . , q 2 - 1. (3.12) 

Figure |2] below corresponds to the case 0i = 37i/4 (6 2 - 1/4), where we have plotted 
the zeros of F n (z), n - 20, 90. The solutions of the equations in ( 13.121) are the centers of 
the grayish squares. 




Figure 2: Zeros of F n (z), n = 20, 90, for a ip as in (|3.11|) with co = exp(3ra'/4). 



If 6 2 is irrational, then a point f interior to L is an accumulation point of the zeros 
of the F„'s if and only if t is real. In Figure |3] below, we have plotted the zeros of F n (z) 
for n - 20, 90 corresponding to the case 0! = V2ti/2. 

We finish this section presenting an example in which condition A3 is not satisfied. 
Let s > 2 be a given integer. The function w h-» w s + 1 maps each of the s sectors 

2n(k - l)/s < arg(w) < 2nk/s, k = 1, 2, . . . , s, 
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Figure 3: Zeros of F n (z), n = 20, 90, for a i/> as in (|3.11|) with co = exp( V2ra'/2) 



conformally onto the complex plane cut along the ray [0, +oo), and by agreeing in that 

2n(k - 1) < arg(a> s + 1) < Ink whenever 2n(k - l)/s < arg(zw) < 2nk/s, 
we see that 

= (w s + l) 1/s 

maps the exterior of the unit circle conformally onto the exterior of the lemniscate of s 
petals L = {z : |z s - 1| - 1} (see Figure|4]for s = 3). 

Here,Q = {z : |z s -l| > 1},G = {z : |z s -l| < 1}, and the inverse of xp is 0(z) = (z s -l) 1/s . 
Moreover, it is easily seen that xp satisfies conditions A.l and A. 2 with 

(0k = el (2k-l)n/s r Zfc = Q/ Afc = 1/S/ fc=l /2 ,... /S . 

The Faber polynomial F n (z) is the polynomial part of the Laurent expansion at oo 
of (z s - l)"/ s . Hence, for any two integers m>0 and / 6 {0, 1, . . . , s - 1], 

wz)=£(-iy( w t z/s W-^, (3.B) 

;=0 \ 1 / 

where (?) stands for the generalized binomial coefficient T(a + 1)/ [T(b + l)T(a — b + 1)]. 
In particular, F sm (z) - (z s - 1)" ! . 

The important feature to note of this example is that the function H„(z) defined in 
H3.3I) is identically zero for every n ^ s - 1 mod s (recall Remark [5.4| ). This example has 
been previously studied by Ullman [20| for s — 2, and by He |10| for s > 2. Observe 
from (13.131 ) that F sm+ ;(z) has a zero of multiplicity / at the origin. Ullman and He 
showed that all other zeros lie strictly in G (see Figure IHbelow). 

Theorem 13.91 below shows that for every / € {1,2, . . . ,s - 1}, we can properly 
normalize the subsequence {F S m+/} m >o so as to make it converge locally uniformly 
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on G to a function that never vanishes on G. Hence, for every compact set E c G, 
there exists Ne such that if n + mod s, and n > Ne, then F„ has no zeros on E. As a 
consequence, v n — > as n — > oo, n ^ mod s, where 

\z\ s - x \dz\ 
y-i = — z / zeL, 

is the equilibrium measure of L. Observe how the distribution function of [li is in total 
agreement with the density pattern followed by the zeros in Figure 01 

However, the zeros of F sm are fixed, namely e 2mk l s , 1 < k < s, each of multiplicity m 
and contained in G, and so 




Thus, Corollary |3.2| does not necessarily hold in the absence of condition A.3. 



Figure 4: Zeros of Fioo(z) for the domain Q = {z : |z 3 - 1| > 1}. 



Theorem 3.9. For every I e {1, 2, . . . , s - 1}, 



f S m+/( z ) 



1 



s l/s z s-l 



where 



r m (z) = — 
m 



l/s-1 
(s-l)(s-0(2s-/) 1 



[1 + r m (z)] 



2s 3 



locally uniformly in \z s - 1| < 1 as m — » co. 



More important than Theorem 13.91 is its proof, which illustrates an approach to 
obtaining asymptotics for F n in cases where A.3 is not satisfied. 
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4 Lehman expansion of xjj near cok 



Let C be a small open circular arc of Ti centered at co^- such that C n {coi, . . . , o> s } = {co/t}. 
The set C \ {cu^} consists of two circular arcs, say C, + , C~, and by our assumption A.l on L, 
there exist simple analytic arcs -C + D i/> (C + ) and £~ 3 i/> (C~) of which zjt is an interior 
point. Hence the map i/', originally defined on Ai, can be continued by the Schwarz 
reflection principle for analytic arcs [3| across both C + and Q~. Since the images of _£ + 
and _£~ in such reflections are again simple analytic arcs containing z k as an interior 
point, by applying subsequent reflections we can continue i/> near w k onto the entire 
logarithmic Riemann surface Sco k with branch point at co^- 

Let the functions (w - co k ) l+ i Ak , I > 0, j > 1, and log(a; - oj k ) be defined in S Wk . In 
what follows we abbreviate by putting y = w — w k . Lehman [15. Thm. 1] proved that 
\p has the following asymptotic expansion: if A k is irrational, then 

oo oo 

Mw) = ip(w k ) +YjTj c wy l+iAk ' c oio * ; 

7=0 ;'=1 

if Afc = p/(J is a fraction reduced to lowest terms, then 

oo q [l/pl 

${w) = #u t ) + £ £ £ 4 m y' +/At (log y) m , 4 * 0. (4.2) 

/=0 7=1 m=0 

The terms in the above series are assumed to be arranged in an order such that a term of 
the form y l+ i Ak (log y) m precedes one of the form y v + i Ak (log y) m ' if either I + j A k < /' + /' Ajt 
or Z + jA k = Z' + /Ajf and m > m'. 

The precise meaning of these expansions is the following: if according to the order 
explained above, (|4.1[) and (|4.2|l are written in the form 

00 

u=l 

then for all N > 1, 

N 

- ip(co k ) - ^ *n(y) = o(xN(y)) 
11=1 

as w — > cojt from any finite sector $i < arg(w - co^) < $2 of 5^. 

We write in (|4.1|) cj\ Q instead of simply cy. when A k is irrational, because this will 

allow us to express many of the relations that follow in one single statement without 
having to distinguish between A k being irrational or rational. 

The coefficients cj. in (|4.1)l and (|4.2|l depend on the values assigned to the functions 

(w - oj k ) l+ i Ak , log(w - cojt) at a specified point of S Uk . We shall assume that the values of 
ip in Ai define ip in the sector © k - n < arg(zt> - oo k ) <© k + nof S Uk , and that for every 
w in this sector, 

(y)'+i' A 'c = \ y \l+ih e iQ+jh) arg(y) ; log y = l og |y| + { arg (y) / y = - W)c . 
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A more detailed description of these expansions is split in two cases: 
Case < Afc < 2, Afc ^ {1, 2}: As in Section|3j we put A k :- c k w ^ 0, and it follows from 
14.1 [I and (|4.2|) that for v > sufficiently small, say 



v < 



minfAfc, 1 - A k ], if < A k < 1, 
2-A k , ifl<A t <2, 



the following relations hold: if < A k < 1, then 

= t/« + A k y Ak + c k 020 y 2Ak + o (y 2Ak+v ) ; (4.3) 

tf\ k = l/2, 

ip(w) = 4>(u k ) + A k y Ak + 4 y 2A * + C ; n y 1+A Klog y) + c* 10 y 1+A * + o (y 3A * +! ') ; (4.4) 
if 1 < Ajt < 2, 

rj>(w) = il>(co k ) + A k y Ak + c k m y 1+Ak + c k 20 y 2Ak + o (y 2Ak+v ) (4.5) 

(notice that if 1 < A k = p/q < 2, then p > 3, q > 2, and no log-terms correspond to 
/ = 0,1,2). 

Case Afc e {1, 2}: Here p — A k , q = 1. If(o k is relevant, then there is a smallest integer 
r k > A k for which a log-term of the form y Tk+Ak (\og y) mk , I <m k < [r k /A k j, occurs in the 
expansion of xp about w k , so that in case m k > 2, 

n-i 

iP(w) = ip(co k ) + £ c k m y l+Ak + A k y Ak (log y) mk + B k y Ak (\og yP" 1 (4.6) 

1=0 



O [y Ak (\og y) m *~ 3 ), if m k > 3, 
0[y Ak+l l 2 ), i£m k = 2, 



+C k y Ak (\ogy) mk - 2 + 
while ifm k = 1, then 

ip(w) = 4>(co k ) + £ 4l/ +At + ^y At (log y) m + B k y Ak (log yn" 1 



l=o 

+C k y Ak+1 (\ogy) l{rk+1)/Aki + D k y Ak+1 (log y )Lfo+i)MtM 
+ |o(y A * +1 (logy)^ +1 )/ A ^- 2 ), if Lfa + l)M t J >2, 
+ {o(y A * +3 / 2 ), ifLfa + l)/A t J = l, 



(4.7) 



where 



A, := r, + A k , A k := c)^ * 0, B k := < 1(mt _ 1); Q := < 1(mt _ 2) , (4.8) 
Q := ^+1)11(^+1)//^!' D ^ := c k+i)i(Lfe+i)/A,J-i) • ( 49 ) 



Thus, setting 



Q fc (a;) := z k + £ cf 10 y' +A * = Zfc + (y A *) , (4.10) 
;=o 
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we have that if m k > 2, then 

f (w) = Q' k (w) + A k A k y A ^(lo S y) m * + (A k m k + B k A k ) jA^log y) m *~ l 

a 1 m 9 fofv^aosv)^" 3 ), i£m k >3, 

+ [B t ( mi -i) + c t A t] /.-'(io gy r- + J () ^_ 1 ^« >< ifm * = 2 ; 

(4.11) 

while z/m^ = 1, then 

f(zv) = Q;^) +A,A Jc y^- 1 (logy) m * + (A,m, + B k A k ) y A,c " 1 (log y) mfc_1 
+Q(A, + l)y A Hlogy)^ +1 )/^ 
+ [QkLfa + l)/A fc J + D k (A k + 1)] y A *(log y)L('-/c + D/A, t j-i 

\oU**w) if L(nt + i)l h\ = l, 

|(9 (y A Klog y)L('> +1 )/^J- 2 ) if [fo + l)/A fc J > 2 . 

Ifco k is not relevant, then for every NeN, 

N 

= 4>(co k ) + £ c k m y l+Ak + o (y N+A *) = Q fc (z) + o (y N+Ak ) , (4.13) 

1=0 

where 

N 

Q fc ( Z ):= Zfc + £4y' +A *. (4.14) 



1=0 



The polynomial Qjt(z) defined by (|4.14[) depends on the value N, so that in what 
follows we will think of N as an arbitrarily large natural number that has been fixed. 



5 Proofs of the asymptotic results 

Recall we are using the notation 

T r :- {w : \w\ - r), D r := {w : \w\ < r], A r := {w : r < \w\ < co}. 

Also, for a, b e C, we denote by [a, b] the oriented closed segment that starts at a and 
ends at b. A similar meaning is attached to (a, b), (a, b] and [a, b). For every < a < 1, 
we define 

o k :- o(o k , 1 < k < s, 

and the contour 

T a :=T a u(u s k=1 [o k ,eo k ]) . 

The exterior of the contour T a , denoted by ext(r a ), is understood to be the unbounded 
component of C \ T a , that is, 

ext(r a ) = A a \(u s k=1 [a k ,o) k ]) . 
17 



Disregarding technical difficulties, the idea behind the proofs of the asymptotic 
results is simple, and in rough terms can be described as follows. By the piecewise 
analyticity of dQ, if 1 - a is small enough, the function w n \p'(w)l(\p(w) - z) (in the 
variable w, for fixed z) has a meromorphic extension to ext(T a ) with at most finitely 
many poles in there and continuous boundary values on r a . Then, using the integral 
representation (|1.3|) , we can express F n (z) as the sum of the residues of that function 
in ext(r ff ), plus its integral (with respect to w) over T a , the later being split as an 
integral over T a (which is 0(a n ) as n — > oo, and therefore negligible) plus the integral 
of w n xp'(w)/(xp(w) - z) over each of the "two-sided" segments [treaty], 1 < k < s. The 
asymptotic behavior as n — > co of these last integrals (as functions of z) can then be 
obtained from the Lehman expansions of ip about the co k 's. 

The first step in doing all this rigorously is to prove that a contour T a satisfying the 
necessary conditions exists. That is the content of Lemmas 15. 1 1 and l5.2| below. 

For given 5 > and t e C, we put 

D 6 (f) := {w:\w- t\< <5}, D* 6 (£) := {w : < \w - t\ < 5}. 
Then, for 5 > sufficiently small, the set 

C W := D 5 (oj k ) n Tj 

is a circular arc, and C^s \ i^k) is the union of two disjoint open circular arcs that 
we denote by C,+ 6 , C ; ~ 6 , say C ; ~ 6 immediately followed by when Ti is traveled in 
counterclockwise direction. 
Let 

D+(a) fc ) := D* 5 (u k ) \ C+ 6 , D~(co k ) := D*(co,) \ ^ . 

If 5 is sufficiently small, the disks D^ooi), 0,5(0)2), . . . , Dfi(co s ) are pairwise disjoint, and 
for every k e {1,2, ... ,s}, the mapping ip has analytic continuations xp+, ip- from the 
exterior Ai of the unit circle to D^(co k ), D~(oj k ), respectively. 

Recall that I4 and L 2 are defined by (|Z6l) - l|27)) , and that for every k with A k e {1, 2}, 
Q k is defined by (|4~T0]> and (|4T4)l . 

Lemma 5.1. Let e > be given. For every 5 > sufficiently small the following statements 
hold true: 

(a) For alike {1,2,..., s}, 



xjj ± (D±(co, f )) c D e (z k ) (5.1) 

and 

ip ± (w) * z k , ip' ± (w) ±0 Vice D ( f (oj fc ). (5.2) 
Also, for every k with A k € {1, 2}, we /laue f/zai 

Q k {w)tz k VweDl(u k ). (5.3) 
(b) If z k := (1 - 6)o)jt, there is a constant C such that for every k with z k e I4 (resp. z k £ L2), 



4>±(t) ~ Zk 



<C, 



M) - 

for all t e (z k , w k ) and zeQ (resp. z e L2). 



Qk(t) - z k 



Qk(t) 



< C, (5.4) 
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Proof of Lemma [5TI1 Since for every k £ {1, 2, . . . , s}, ip has an analytic continuation to 
the entire logarithmic Riemann surface with branch point at w k , and it is such that 

ip(w) - a* = c k QlQ {w - w k )\l + o(l)) , c* 10 * 0, (5.5) 

4>'(w) = c k m A k (w - a>*)Ml + o(l)) , (5.6) 

as w — > w k from any finite sector of the surface, and since by the very definition of Qfc 
in d47T0T > and (j4~T4)l , for every k with A k e {1, 2} 

Q k (w) -z k = c k m (zv - co k )\l + o(l)), (5.7) 

as tv — > oj k , the conditions of part (a) of Lemma IBTTl will be trivially satisfied provided 
that 5 is small enough. 

Let us now prove part (b) of the lemma. The analysis is split in two cases. 
Case 1 : k is such that z k e L\ U L2 and A k = 1. Under this assumption, there is a small 
open circular arc Cfc c Ti, with center point co k , such that ip is one-to-one on Cfc and 
therefore i/>(Cfc) is a simple smooth arc containing z k as an interior point. We first verify 
the following 

Claim: There is a small open disk O k centered at z k such that if z k e L2, thenO k C)L2 c i/>(C)c), 
while ifz k e L\, then O k n L c i/>(Cjt) awd \ ip{Ck) zs ^ e disjoint union of two nonempty 
connected open sets, one contained in Q, the other in G. 

Let us prove the claim. Suppose z k e Li and let t k £ co k be the other point 
of Ti such that ip(t k ) = z k . Then, there is also a small open circular arc p k c Ti, 
with center point t k , such that ip is one-to-one on p k . Since r](z k ) - 2, the closed set 
ip (Ti \ (Q k U p k )) cannot contain z k , so that there is a small open disk O k centered at 
z k such that {t £ Ti : \p{t) 6 O k } c (Cjt U p k ). But since i/> is one-to-one on p k , we 
must have that O k n L2 c i/>(£jc). Similarly, suppose Zjt e Li and let 5' > be so small 
that the connected open set xp(Dy(oj k ) n Ai) lies strictly on one side of the arc xp{Ck)- 
Since 77(2^) = 1, the closed set ip(A\ \ D ( y((o k fj cannot contain z k , and therefore, there 

is a sufficiently small open disk O k centered at z k such that O k D ip (Ai \ Dfr((io k fj - 0. 
In consequence, O k is divided by the arc p(t, k ) into two connected open sets, one 
contained in ip(Dp (oj k ) n Ai) c Q, the other contained in G. The claim is proven. 

Now, for every k with z k € L\ U L2, choose as in the claim, and assume 5 > is so 

small that, besides satisfying part (a) of the lemma, it also satisfies that ip+ (D*(<jj k )j c 
O k . By our assumption A.l on L, there are two simple analytic arcs X^, -C^, each 
containing z k as an interior point, and such that ip(t+ 5 ^ c £+, i/^^^ 5 ) c X^. Notice 
that -Cjr and i^(C)c) share the same tangent line at z k . In consequence, if z k := (1 - 5)co k , 
the arc ip (((o k , 1 /z k )) lies entirely in Q, and by d5.5l) , it is perpendicular to i^(Cjt)- 

By the Schwarz reflection principle for analytic arcs [31, if z k is close enough to co k , 
ip+((T k , co k )) is the reflection of ip ((co k , 1 /t; c )) across X^, and therefore,/or all 5 sufficiently 
small, the arc ip+((T k , co k )) is perpendicular to ip(C k ) and 

$± ((?h ™k)) c G, xp (Dj n D 6 (a)jt) \ (Tjt, Qjjt]) c G »/ z fc 6 L lr (5.8) 

i/>± ((tic, co,c)) n L 2 = 0, 1/; (Di n D 5 (a) fc ) \ fa, o k ]) n L 2 = i/ z* 6 L 2 , A fc = 1, (5.9) 
whence it follows at once that the first inequality of (|5.4|) holds true. 
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Similar considerations apply to Qk- Because of (|5.7|) , if z^ e L\ U L2 and Afc = 1, then 
Qjt maps a small circular arc of Tj centered at o)jt onto an analytic arc tangent to t/>(Cjfc) 
at Zfc, and therefore, for all 5 sufficiently small, Qkii^k, o)k)) is perpendicular to ip(Ck) 
and is contained entirely in G, whence the second inequality of (|5.4|) follows. 

Case 2 : k is such that A^ = 2. Let Cjt c Ti be a small open circular arc with center 
point at co/ c , so that Ck \ {^/cl splits into two disjoint circular arcs C,^ and CT. If C/c is small 

enough, ^(C^) and ^(C^) are simple analytic arcs forming a cusp pointing toward 
Q. Since Ajt = 2 and all Ay's are strictly positive (that is, Q has not outward pointing 
cusps), T](zk) - 1 and there is an open disk Ok centered a such that Ojt n L c ip(Ck)- 
But if two analytic arcs coincide at infinitely many points, they must be part of one 
and the same arc, so that if Ok is sufficiently small, either Ok H E 2 = {z^} or Zk is the 
endpoint of a cut, that is, one of the two arcs ip (C^j/ i/> (C^j is contained in the other. 

Reasoning as we did for the case Afc = 1 above, we derive from the Schwarz 
reflection principle that for all 6 sufficiently small, the arc t/>± ((t^-, co^)) forms angle 71 
with each of the arcs ip (C^j/ V ) anc ^ 

ip± ((Tfo <U)t)) n L 2 = 0, i/> (Di n D 5 (a) fc ) \ fa, cjfc]) n L 2 = 0, (5.10) 

whence the first inequality of i5A} easily follows. 

Similarly, by (15.71) , if Ak = 2, then for all 5 sufficiently small, Qjc(fa, 00k)) forms angle 
71 with each of the arcs ip (CjJ"), V (£fc)' wnence the second inequality of (|5.4|) follows. 

□ 

Lemma 5.2. Lef E be a (fixed) closed set (00 g E) suc/z z7ia£ ezYfoer E c G, or E c Q U Li or 
E c L2, or E = \z\, . . . ,z s }. Then for all a < 1 with 1 - a sufficiently small, we have 

(a) ip has an analytic continuation to ext(r ff ) with ip'(w) ± Ofor all w € ext(T a ), and both ip 
and ip' have continuous boundary values on T a \ {coi, . . . co s } when viewing each [ok, (Ok\ 
as having two sides; 

(b) ifEcG, then for every z e E, xp' (w) / (ip(w) - z) z's analytic on ext(r a ) with continuous 
boundary values on T a \ {coi, . . . , o) s }; 

(c) if either E c QuLi, orE c Li,orE - {z\, ... ,z s ), then for every z e E,ip'(w)/(xp(iv)-z) 
is analytic on 

ext(T ff ) \ j(/)i(z),...,^ (z )(z)), 

with a simple pole at each (pAz) & . . . , <o s } and continuous boundary values on 
T a \ {coi, . . . , co s } . 

Proof of Lemma [5^2] Part (a) and (b): Let 5 > be such that for every k e {1, 2, ... , s}, 
the analytic continuations xp± of ip to D*(co^) satisfy that 

ip' ± (w)*0 \/weD±((0 k ). (5.11) 

Fix 5' with < 5' < 5, and for every a with 1 - 5' < a < 1, consider the open set 

Ab'fi ■= [w ■ o < \w\ < 1/a, w <£ U s k=1 D 6 >((i) k )} , 

that consists of s open components A l 6 , , I - 1, 2, . . . , s. Then, by assumption A.l on 
L, the univalency of ip on Ai, and the way analytic functions are continued across 
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analytic arcs by means of the Schwarz reflection principle, we have that if 1 - a is small 
enough, then ip has an analytic and univalent continuation to each Ag, . From this 
and (15.111 ), it follows that statement (a) holds for all r a with o sufficiently close to 1. 
Moreover, if E c G and a is so close to 1 that \p(ext(T a )) n E - 0, then (b) obviously 
holds. 

Part (c): Suppose first that either E c Q U L\ or E c Li. Let e be such 

< e < dist (E, {zjt : z k £ E, 1 <k< s}) 

For this £, choose 5 > for which (|5.8|l , l|5!9|) and l|5.10|l hold true. 

Let E" 1 := jo; e Ti \ Uj? =1 Dg(a)fc) : i/^zo) £ Ej. Then E" 1 is a compact set, and again, 
by the Schwarz reflection principle, we can find a finite set of open disks U\, Ui, ■■■ , U m , 
each centered at some point of E" 1 , such that E~ l c U^ =1 Uj and for all 1 < j < m, \p has 
an analytic and univalent continuation to each Uj, which satisfies 

i) ip (p-i n Uy) c G, in case EcQUl 1( 

ii) iff (Uj \ Ti) n L 2 = 0, in case E c E 2 . 

On the other hand, if E = {z\, . . . , z s }, choose e > such that 

D e (z fc ) Pi D e (zy) = whenever z k + Zj, (5.12) 

and for this £ choose 5 > so that Lemma IBTTI holds . In this case, 

E" 1 := [w € Ti \ U^D^Ofc) : ^(w) 6 e) 

has, say, m > elements and we can find m open disks M\, Mi, . . . , U m , each centered 
at some w e E" 1 , such that for all / 6 {!,..., m], \p has an analytic and univalent 
continuation to each Uj, which satisfies that 

iii) ip(Uj\T l )n{zi,...,z s } = ®. 

Now, in either of the three cases i), ii) and iii) above, the set 

is compact, i/>(Y) n E = 0, and therefore there is a neighborhood Wy of Y such that the 
analytic continuation of ip to Wy satisfies 

iv) ip(W Y ) n E = 0. 

Then, part (c) holds for every o so close to 1 that 

{w : a < \w\ < 1} c Wy U (u s k=1 D 5 {oj k )) U (u ; m =1 LZy) . 

This follows for E c Q U Ei from (15.8I ), i) and iv); for E c Li from fl5.9M5.10l ), ii) and 
iv); and for E = {z\, ...,z s } from Lemma IBTTT a), (|5.12|) , iii) and iv). □ 



4 dist(A, B) = inf{|x - y\ : (x, y) 6 A X B}. 
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Lemma 5.3. Let e > and 5 > Obe such that ip+ (D^(co k fj c D e (Z] c ). Then, for every a with 
< 1 - a < 5, we have that 



i) z/cofc is relevant (that is, ifl<k<v), then 
£ w i/>' + (t) f n i//(f) 



2^ Jo* 



.(f) -z ip-(t)-z 



= a At -i,M t (") + ^(z) 



z-z fc 



(5.13) 



wz'£/z r aki „(z) converging uniformly to zero on {z : |z - z^\ > e] as n — > oo, and 

f [r(-A fc )r(A fc )]- 1 / if ht {1,2}, 

^k- 1 ( _ :) A,-l m;cAjc/ //A, 6 {1,2}; 



ii) if (Ok is not relevant, then for every t > 0, 

t n f + (t) t n xp'_{t) 



l r**/ 

2^Ja, I'M 



uniformly on {z : |z - z k \ > e] as n — > oo. 



dt = 0(n~ T ) 



Remark 5.4. A more detailed version of (|5.13|) given by equalities (|5.21|) , (|5.22|) , (|5.23|) , 
(|5.27|) and (|5.28[) in the proof of Lemma l53l provides asymptotic formulas for the func- 
tions r ah „(z) from which the following table follows. 



if k is such that 


rate of decay of r ak>n (z) is 


rate is exact iff 


< A fc < 1, A k * 1/2 




2c* 20 (z - Zfc) + (Afc) 2 + 


h = 1/2 


O log 




1 < Afc < 2 




L 110 ^ u 


A fc e {1,2}, m fc >2 


0(1/ log n) 


Afcmfc + AfcC^ 1(mt _ 1) + i& k m k A k A k + 


Afc e {1,2}, m fc = 1 


0{n- l (\o%ni^ + VI^- 1 ) 


c* ^0 



Given k e {1, 2, . . . ,s} satisfying one of the conditions listed in the first column of 
the table, an estimate on the rate of decay of r Ck/tl (z) holding uniformly as n — > oo on 
any closed set E c {z : |z - z k \ > e} is given in the second column. The rate is exact 
for given k and E if and only if the condition in the third column is satisfied by every 
zeE. 



Proof of Lemma l531 Part (a): First, notice that for every integer N > 1, we have the 
identity 

1 = ^ [ Zk -,p( w )]i | [z k -4>(w)f 
ip(w) - z 



(Z k -Z)' +1 (Zfc-Z) N [^)-Z]' 



(5.14) 



Suppose first that A k £ {1,2}. Then, combining identity 05.141) corresponding to 
N - 2 with (14.31) and (14.51) , we obtain that uniformly on {z:\z- z k \ > e} as w — » (o k 

(y = w - cofc — > 0) 



1 



\\>{w) 



1 A k y^ {0[y 2 ^), 0<Afc<l, 
z k -z (Zfc-z) 2 + m(y A * +1 ), 1< A, c <2. 



(5.15) 
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The asymptotic expansion of ip' about co k is obtained from that of ip by termwise 
differentiation, so that from (14.31 ), (|4.4|) and ( 15.151) we see that if < Ajt < 1, then 
uniformly on {z : |z — z k \ > e} as w — > cojt, 

^(w) _. A k A k y^ | A,[24 (z,-z)-^]y^-i ^ ^ 



- z 2^ - z (zfc - z) 

and more specifically for = 1/2, 

4>'(w) A k A k y A ^ h[2c k 02Q (z k -z)-Al]y 2A ^ 



+ 



xp(w)-z z k -z (z k -z) 2 

"i»tl + ^0cg») +o(yh) _ (51/) 



+- 



Similarly if 1 < A k < 2, then uniformly on {z : |z - z k \ > e} as id — > coj- 



^) .M^ t « t((A1 . (5 . 18) 



lp(w) - Z Zjfc - Z Zfc - z 

For the analytic functions (w - Wkf, log(w - co k ) in Dg(o)fc) n Ai corresponding to 
the branch of the argument 



0/ c - n < arg(zt> - co k ) <© k + n, w e C \ {fcojt : f < 1}, 

let us denote by (w - (6 k ) ± and log ± (w - <x> k ) their analytic continuations from D^cojt) n Ai 
onto (0)^), respectively. If n, m > are integers and |S > -1, then 



and 



r k t n {t- Wk t{\o% ± {t- Wk )Tdt 

t"(t-co k £(\o S+ (t-co k )) m dt- fit-^tilog^t-co^rdt 
Jo Jo 

= e ^n e i(n+l+p)0 k f x »(l_ x )^[l g(l_ x ) + j(e^ + TT)] m dx + C)(a' 1 ) 

Jo 

m I \ 

= e ^n e m + l +m £ Q af} m _ l{nm @ k + n)) i + cxa"), (5.19) 

f w k 

0{t n {t - a)^(log ± (t - a)jc)) m )dt = 0(a^ m (n)) . (5.20) 

Then, we get by combining (15.161 ), (|5.19l) , (15.201 ), (|2.4|) and the well-known identity 
T(l - z)f(z) = -zT(-z)r(z) = 7i/ sin(Trz), 
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that if < A k < 1, A* + 1/2, then 

27riJ ffi U + (0-z V-(*)-z/ 
A /c A,sin(A,7i)^ + ^) ^ At _ 1/O (n) 



0(a 2 Afc+i,-i,o(w)) 



+ 



(5.21) 



7l(Zfc - Z) 

[2^^ - z) - 4] A, sin(27iA fc ) e '<" +2 ^) ^ 2A)c - 1/ o(n) 

7l(Z; c - Z) 2 

= flA,-i,o(H) / V(^)e t 

r(-A fc )r(A fc )\ z-z, v ) 

T(-A k ) [2c k Q20 (z - Z k ) + (A fc ) 2 ] g '( n + 2A )t ,(-),. ^ 
+ 2T(-2A k )(z-z k )W 

Similarly, we get from (|5.17|) , that if A k = 1/2, then 

a Ak . 1/0 (n) ( A^^m c k ul (l + A k y^ + ^(lo S n) ) 

= ^—TTFml + 7 \ + n logn L 5.22 

r(-A fc )r(Ajt) ^ z-z fc (z-z fc )n v ° 'J 

and from l|5.18|l that HI < A k <2, then 



i p/ f» 



(t)-z ip-(t)-z 



dt 



r(-A fc )r(Ajfc) I z-z, (z-z fc )n + °V n / 



(5.23) 



Thus, Lemma [531 for a relevant cojt with Ajt £ {1, 2} follows from (15.211) , d5.22|) and (I5.23I ). 

Next, let us consider the case A k e {1, 2}. From (14.61 1 and (|4.11|) we see that ifm k > 2, 
then uniformly on {z : |z - z*| > e} as w — > cojt, 



Qjc(w)-z L * J \Zfc-z (z fc - z){Q k (w) - z) 

+0(y Ak+Ak - 1 (\ogy) nik ) 
Q' k (w) + A k A k y^~ l (log yT + (A fc m fc + B fc A fc ) y^" 1 (log y)"^ 1 



Qt(w)-z z^-z z fc -z 

[B k (m k - 1) + C fc A fc ] y^'Hlog y) m *- 2 



+ 



z k -z 

J 0(y^ (log yr*- 3 ) ifm,>3, 
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Similarly, one gets from (|4.7[) and (|4.12|) that ifm k -l and A k = 2, then 

^(w) _ Q' k {w) | AfcA^y^aogyr ; (A k m k + B fc A fc ) y^flog y) 1 "^ 1 



t/>(o>) - z Q fc (w) - z z k - z 

C, c (A fc + 1) y A *(logy) L ^ +1 > /A * J 



+- 



Zfc -z 

\c k [(r k + l)/AjtJ + D fc (A, + 1)1 y^logy^+D/A*]-! 

+■= 

z k -z 

(0(y A * +1 / 2 ) Ur k = 2, 

+ [O (y Al (log y)L^+l)MiJ-2j if rjt > 3/ 

while ifm k — \ and A k - 1, then uniformly on {z : |z - z k \ > e} as w — > cofc, 
1 1 | Q k (zv)-xp(w) | [Q /c (^) - ^(w)] 2 



(5.25) 



^(w)-z Q k (w)-z [Q k (w)-z] 2 [Q k (w)-z] 2 [ip(w)-z] 



+ ~ + 



Q k (w) - z ( Zfc - z ) 



0{y^), 



and so 



x]j(w) - z Q k (iu) - z 

^i(Ay At (iogy) 



fe-z) 2 



[fw _ Q>)] (_l_ + ^_Q|2) 

O(y^) 



Q' k (w) + AfcAfcy^-^logy) + (A /c + B k A k ) y^ 



A,-l 



QfcH - Z Z fc - Z Zfc - z 

Cfc(Afc + l)y A Klogy)^ +1 

Zfc-Z 

[Q c (rfc + 1) + D /c (Afc + 1)] y A *(log y)** 



+ 



+ 



Zfc-Z 

4 AfcAfcy A *(log y) c^ 10 Afcy A Klog y) 

^-Z (Zfc-Z) 2 



+ 0(y A Hlogyr- 1 ). (5.26) 



Thus, we get from <f5T24b , d525l (I5T261) , d57l9b and (f5T2Q]> that if A k e {1, 2} and m k > 2, 
then uniformly on {z : |z - Zfc| > e} as w — > oj k 

w */ t n ip' + (t) t n ip'_(t) , 



1 p*/ f» 

{ 



m k A k a Ak ^ mk ^(n) ( A k e« n+A ^ 

+ o(l/logn) 



(_1)A.-1 ( z - Zfc 

(w fc - 1) (A k m k + BfcAfc + iS k m k A k A k ) e* n+A ^ 
m, c Afc(z-Zfc)(logn) 
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, (5.27) 



while if Ajt € {1, 2} and m k - 1, then uniformly on {z:\z- z k \ > e} as w — > cofc 



i/>_(t)-z 



eft 



(_l)At-l \ 2-Zjt V 6 ' 

L(r, + l)/A fc jr(A fc )Q(A fc + l)e'(" +A ^ 
m k A k (z - z k )n(- log n^-Lfa+iJ/AjJ 



(5.28) 



This completes the proof of part (a) of Lemma 1531 The proof of part (b) easily follows 
from (|4.14[) by proceeding similarly as in the proof of part (a). □ 

Proof of Theorem l2.ll Let E c G be a compact set, and let < e < dist(E, {z\,..., z s }). 
For this e, choose 5 such that ( 15.11 ) holds, and fix a with < 1 - a < 5 and satisfying 
Lemma l5.2f b). 

By OJl, if R > 1, then 

1 £ t n ib'(t)dt 
Fn{z) = —<b J,, VzeE. (5.29) 

Since ip'(w)/(ip(w) - z) is analytic on ext(r ff ) with continuous boundary values on 
T a \ {coi, . . . , co s }, and since by 6ZQ) and <42j, for fc = 1,2, . . .,s, i^(u>) =0({w- o^)^ -1 ) 
as zt> — > cojt, then 

r t n ip'(t)dt r t n xb'(t)dt «(f) 

£ wfi - £ wpi + £ I y& - (5 ' 30) 

so that by Lemma 1531 

s ! / f"W/ (f) fW,' (f) \ 



V fc=l 



(5.31) 



= aA 1 -lM(") 

where (for every x > 0), 

U V 

R n (z) = £ r ffJt ,„(z) + £ <9(n A ^- A Hlogn)^- Ml ) + 6>(0 (5.32) 

fc=i fc=«+i 

uniformly in z 6 £ as n — > co. Theorem l2.1l is proven. □ 

Proof of Theorem l2.3l First, observe that it suffices to prove Theorem l2.3f a) assuming 
that E does not contain oo, because by the very definition of the Faber polynomials, 
F n (z)—[(p(z)] n is analytic at oo, and an application of the maximum principle for analytic 
functions will extend the validity of the theorem to closed sets of Q U L\ containing oo. 
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Then, let E be a closed set (oo g E) such that either E c Q U L\ or £ c L 2 , and let 



< e < dist (E, \z k : z fc £ E}) . 

For this e, choose 5 such that Lemma IBTTI holds , and fix a with < 1 - a < 6 such that 
Lemma [572T c) holds. 

Recall that 77(2) = lifz e QULi,r?(z) = 2ifz 6 L 2 \{zjc : = 2},andthat0i(z) := <p(z) 
for all zeQ. 

For every z 6 E \ {zi,...,z s }, (ji/(z) 6 ext(r a ), Z 6 {1,2, . . .,t]{z)}, and by Lemma 
I5.2f c), the function w n ip'(w)/ \${w) - z] is analytic in the variable w on ext(r a ) \ 
{(pl(z) : 1 < I < )](z)J, with residue [(pi(z)] n at each (simple pole) (pi(z) and continuous 
boundary values on T a \ {co\, ... , co s }. Moreover, by (|4.1|) and (|4.2|) . for = 1, 2, . . . , s, 

as w — > 0)^, so that (|1.3|) and the residue theorem yield that/or 

every ze E \ \z\, . . .,z s }, 

y~t „ 1 r t n ip'(t)dt A 1 f°* / f n ii/ + (i) Pi// (f) \ 

F n (z) = > [^(2)]" + — <h ,; s w +>— - 7 1 , ;~ w \dt. (5.33) 

In fact, we claim that /or eyery z € E, 

f m (z =o n (z) + — 4) - 1 ^- L -+ Y , — - . ;~ w U 



k-.z^eE 



k:z k (E ' 

t n Wit)-Q' k {t)]dt r t"[ip(t)-Q k (t)W(t)dt 



*W) - Gk(f)]V(f)*l 



+ 



Ka-,1 (Qjt(0 - z) 2 (i/;(f) - z) J 



(5.34) 



Indeed, for z e E \ {z\, . . . ,z s }, the claim is a direct consequence of (|5.33|l and the 
identity 



rjf(w)-z Q k {w)-z Qk(w)-z (Q k (w) - z) 2 

Wjv) - Qk(w)] 2 ip'(w) 

+ 5 / (5.35) 

(Q k (w)-z) 2 (xjj(w)-z) 

taking into account that, by (|5.3D and (15.41 ), Q k (w) - z + for all w e [o k , w k ), zed 

Suppose now j is such that Zy £ E, and let us agree in that, in case r/(zy) = 2 and one 
of the two values (p\(zj), <p2(zj) is not contained in {coi, . . . , o> s }, that value is precisely 

Then, for every k with z k - \\>{w k ) = z ; (there are at most two of them), let T; c c Da(cojt) 
be the circle centered at <x> k of radius 1 - a. We can assume a was chosen so close to 1 
that in case zy € L 2 and <px(Zj) € ■■■ , co s }, (f>i(zj) lies in the exterior of 7^. 
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Then, we obtain once again from dl -3ft and Lemma l5T27 c) that 

tn ^ ~ 2m % m - z, k ^ 2m i k U + (0 - Zj ~ 0_(f) - Zj f 

+ Y _L A tnip ' m + J [<M z /)l n , if nizj) = 2, Mzj) * {ui, "si 

Z-t 2ni J Tk ip(t) -z k \ 0, otherwise. 



(5.36) 



By Lemma IBTTT a), w n QUw)/ (Qk(w) - Zfc) is analytic on D* d ((o k ) with a simple pole at 
w kl so that if we take identity 05.351) for z = z^, multiply it by w n and integrating it over 
T k , we obtain that for /c with z k = zy, 

= 27iiA fc (a)jfc) 



Ti V(*)-Z; ~" " " J[ ffb a, t ] Qfc(*)~Z; Jfo^ (Q k (t)-Zjf 

+ r t»m)-Q k {t)\ 2 y{t)dt (5 37) 

Then, (|5.34|) for z = zy follows from relations (|5.36l ) and ( 15.37b . 

Now that the claim is proven, we proceed to estimate the integrals that occur in 
d5.34| > under the symbol Y,k:z k eE ■ F° r this, we first observe that if {T{-,z) : z e E} is a 
uniformly bounded family of measurable functions on [o k , w k ), if n, m > are integers 
and j6 > -1, then (compare to (15.191) ) 



r{t,z)t%t-u k i(\o% ± {t- Wk )) m dt 



Ok 

m , v 

= fifinjin+l+IM £ r\(i {&k + Tirfapsn-MGptniz) + 0{o n ), (5.38) 

where the functions 
I 



, X r(x,z)x"(l-^(log(l-x))-'rfx (r(x^,z),xe[a,l), 

p ap,m-i(n) [1, xe[0,o), 



are uniformly bounded on E, are independent of the sign +, and Ga j n (z) = 1 whenever 
T(;Z) = 1. 

Now, assume w k is relevant. Recall that with y - w-w k (see (|4.10| ), (|4.7|) , (|4.11b and 

Q fc (w) = z fc + c* 10 y A * + O (y At+1 ) , Q» = c^A^" 1 + (y A *) , (5.39) 

tK«;) - Q fc (a;) = Ay A *(log y) m * + B^y At (log y)^" 1 

f (9 (y A *(log y)'"*" 2 ) if m k > 2, 
+ {o(y A * +1 (logy)^ +1 )/^) i£m k = l, (5 ' 40) 
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f(w) - Q' k (w)=A k A k y A «- 1 (log y ) m « + D k y A ^ (log yf^ 1 

( 0(y A '<-Hlogyy»*- 2 ) ifm k >2, 
{o(y A ^(logy)L^ +1 )/^) ifm k = l, ( ' 

where c k Q1Q £ 0, A k ^ 0, B k and D k are certain constants. 

If we set Tit, 2) := (Q k (t) - z k )/(Q k (t) - z), then by (El in LemmaEH (|539l) . (15111 
and the equality 

(Qfc(*) - z^)" 1 = (c£ 10 ) _1 (f - a) fc )- A * + O ((f - c^) 1 "^) , t^0J k/ 
we have that 

-** t n W ± {t) - Q[(t)]dt («* Tit, z) t n W ± (t) - Q ' k (t)]dt 

Qk(t)-z k 



p gj4g) - Qgw _ p 
Jon Qfc(0 - z ~ X, 



•Aj-A; 



L 010 



r a> * 1 



--± T{t,z)t^t-u k )T\\og ± {t-u k )) m *-Ht 

Cmr\ Jot 



+ - 

010 U ° k 

Q O (t n (t - (o k ) r f\log ± (t - co k )) m *- 2 ) , m k >2, 

£o(t^t-co k )2(lo S± (t-co k ))^ +i y^), m k = 1. 



+ 



•01 

Combining this with (15.381) we see that uniformly in z e £ as n - > oo, 

JT t n [4>'(t)-Q' k (t)]dt (A k A k m k e^ +r ^G rk . 1Xn (z) ) 

T TTTrTl = Znuxrt-m-iW k + o(i) , 

(5.42) 

where G rk -i,i,n(z) = 1 if z = z k . 

Similarly we get from (15.401) , (|5.41| ) and the equality 

(Qit(f) - z*T 2 = (4o)~ 2 (t - u k y 2Ak + 0(t - co k ), t -» co kl 

that 

r k t n mt)±-Qk(t)W ± (t)dt A k A k p 2 ^ 

— ~n = -7— t (t~(0k)± (log ± (t - W k )) mk dt 

Jo, (Ot(t)-zr C* Ja t 



(Qfc(0 _ z ) u oio ^ 

/Hi)* 

+^ r^z^f^f-^r^iog^f-co^r- 1 ^ 



L 010 ^ 



Hence, uniformly in z € £ as n — > oo, 



+ | r^^Ci-^aogJf-cofc)) 2 ^), m fc = l. 



W)±-Qfc«4(f)# „ . A k A k m k e'(" +r ^G rk - 1Xn (z) 

77777 — 72 = 2ma r k -iAn k -i (») : fc + 

tot**] (QitW-z) I c oio 

(5.43) 

29 



where G rjfc _i ; i /n (z) = 1 if z = Zfc. 

As for the last integral in (15.341) , it follows directly from (15.40I ), (15.411) , (I5T41 and (I5.38D 
that 



2,,/ r«* /^ ±(f) _ z v [;F(i,z)] 2 ty ±( f) _ Q fc (f)] 2 i/4(f)df 



X, (Q,m-z) 2 (^) ± -z) X, U±(f)-zj 



a, (Q,(0-z) z W) ± -z) A \V±[t)-zJ (Q)c(0-Z)c) 2 ^ ± (0-z^) 

•'tot 



tf(f"(i - co fc )^ k - 1 Clog ± (i - Ufc)) 2 "*)* 

= 0(a 2rk -i,2m k (nj) ■ ( 5 - 44 ) 

If cofc is not relevant, the degree of Qk(z) may be assumed to be as large as desired 
(see paragraph following (|4.14|l ), and a similar (easier) analysis shows that the integrals 
in the left-hand sides of (|5.42|) , (|5.43|) , (|5.44|) are O (n~ T ) uniformly in z e E as n — > oo, 
where x can be taken arbitrarily large. 

With this last observation in mind, we then obtain by combining (|5.34|) , Lemma 
1531 dSil, (EM) and <[5ll that 

/ u 



F»(z) = O n (z) + O(0 n ) + £ aA t -i,M,(n) £ - JlJ ^ + o(l) 



C k A k e i{n+Ak)@k 
z - 

(A k r k m k e^ +r ^G rk - 1Xn (z) 



z - z k 

l<k<v:z k (E Vfc=l 



a^-i^n) — — fc + o(l) + O (n T ) (5.45) 

l<fc<u:z t 6E V ( * c 010 ) 

uniformly on z 6 E as n — > oo, where t can be taken arbitrarily large, the functions 
G n -i 4 <n (z) are uniformly bounded on E and G,- t _i 4 , n (zjt) = 1. 

Taking into account that (rj-, M/ c ) < (A k , M k ), it is now clear that Theorem I2.3f a) 
follows from (|5.45|) . 

It only remains to prove part (b) of Theorem |2.3l Let e > be such that 

D e (z k ) n D e (Zj) - whenever z k + Zj. 

For this e, choose 5 > such Lemma 1531 holds , and choose a with < 1 - a < 5 such 
that Lemma |5T2l c) holds. 

By increasing a toward 1 if necessary, we can assume that r a is such that for 

every k - 1, 2, . . . , s, the elements of |(/>i(Zfc), . . . , (j>r](z k )( z k)} \ i^k) lie outside the circle 
T k c D{,(w k ) centered at co k with radius 1 - a. 

Now, think of Zj as being fixed, so that by Lemma l5T2l c), the function 

w n xp'(w)/(xp(iv)-Zj) 

is analytic in the variable w on ext(r a ) \ |^i(zy), . . . , ^>Ti(zj)( z j)} with a simple pole at each 
<fti(zj) £ {a>i, ... , cl» s } and residue [(pi(Zj)] n . Hence, we obtain from (|1.3|) that 



1 r k l t n 4>'(t) t n xb' (£) \ 



LI f t n ib'(t)dt 



fc : Zt = Zj 27ri ^#)-Z; 
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If k is such that z k = Zj and € {1, 2}, then as we have previously seen, 



i r t n ip'(t)dt 



2ra Jr fc V(0 _ z ; 



0(n-t), 



n + 



r k -l c , 



010 



, if (Ok is relevant, 
otherwise, 

(5.47) 



as n — > oo. 

If A; is such that z; c = Zv and A; c £ {1, 2}, then we have in virtue of (14.31) and (|4.5| | that 
for all v > small enough, 

t/>(u>) = zy + A k y Ak + c k 020 y 2Ak + O (y 2Ak+v ) , if < A k < 1, 

ip(w) = Z j + A k y Ak + c\ w y 1+Ak + 4 y 2A * + (9 (y 2Ak+v ) , if 1 < A k < 2. 
Hence, if < v < min{A^, 2 - A k } (< 1), then 



ip{w)-Zj y A k 



— + + 



t/>(«7) - zy y A fc 



Ait 



+ C)(y At+i; - 1 ), if < A fc < 1, 
+ 0(y A * +u - 1 ), ifl<A fc <2, 



so that 



2711 Jj - z ; 



A fc (o) fc ) n + 



27aAjfc 



f"(f - co k ) Ak - x dt 



+ 



<£ 0(t n (t-(D k ) X " +V - 1 )dt 
J\a t ,Wk\ 



>[°k&k\ 

A; c {wk) n - oc\ k -\,o{n) 



Jc J(n+A k )0 k 
L 020 



+ 0(1) 



Then, coupling Lemma IB"31 with (|5.46|) , (|5.47|) and (|5.48|) yields for every t > 

lC k A k ^ n+A ^ 

l<A:<f : Zjt^Zi 

(A k r k m k e i( - m ' 



(5.48) 



F n ( Zj ) = O n {zj) + £ "At-UfrW z _ z + °(!) 



E «v-Uft(n) +0(1) 

l<k<v:z k =z jr A k e\l,2] V V ^ ''OlO ' 



E «At-l^(») 



/J: J(n+A t )0 t 
L 020 



+ 0(1) 



n-A k )A k 

Theorem l2.1f c) follows immediately by comparing the terms in (|5.49|) . 



+ 0{n- % )+0{o n ). (5.49) 



□ 
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Proof of Theorem[23] Given a closed set Ec(OuLi) \ {z lt . . . ,z s }, (oo £ eB let 

E" 1 := {roeTi: ip(w) e E}. 

Then, to prove the theorem it suffices to show that there is an open set U D E" 1 such 
that <p has an analytic an univalent continuation to Q U U and formula (I2.9I ) holds 
uniformly inzEEUilasn — >oo. 

The set {a; € Ti : xp(w) £ Li \ {z\, . . . ,z s }} is the union of finitely many pairwise dis- 
joint open circular arcs }\, Js'- Let e\, e-i, ... , e s » be those points of Ti that happen 
to be an endpoint of some //. Fix < e < dist (E, {z\, . . . , z s }), and for this e choose 
a number 5 for which Lemma [5 . 1 1 holds . We can assume 5 is so small that the disks 
Dfr(ei), . . . ,Dfr(e S ") are pairwise disjoint and for every £ \w\, . . . ,oj s }, the analytic 
continuation of ip to D^e^) satisfies 

i) xjj(D 6 (e k )) cC\E. 

Let fij= Ji \ U^ 1 D 6 (e fc ) (1 < Z < s'). Choose a such that 1 - 5 < o < 1/a < 1 + 6 and 
Lemma I5T21 holds . Let 

O bi0 := [w : a < \w\ < 1/a, w £ U^ 1 D 6 (e / ) / w $ U s k=1 D 5 (oj k )] 

and let Cr (1 < I < s') be the unique open component of that contains points of 

the arc /*. Since c L lr ip (ji \ }fj n i/> (jfj = for all 1 < I < s' , and therefore, if a 
was taken sufficiently close to 1, then for 1 < Z < s' , 

ii) ^ (CJ n ^ (o 6 , a \ oy = and V (O^ n D a ) c G . 

It follows from ii) that i/> is univalent on Ai Uf* 0^ a , and consequently, <p has an 

analytic and univalent continuation to Q U i/^U^O^ Y Let V c U^O^ be an open 

set containing E" 1 , such that U := ip(V) intercepts neither U^ =1 D e (o)jc) nor U^i/^D^e/)). 

Then, from Lemma l5T2T a), i) and ii) above, we see that for every z e E U II, cp(z) e 
ext(r ff ), and the function w n ip'(w)/ [ip(w) - z] is analytic in the variable w on ext(r CT ) \ 
|(|>(z)J with a simple pole at <ft(z) and residue [<p(z)] n . Moreover, it has continuous 
boundary values on r a \ {coi, . . . , co s } and, by (|4.1|) and l|4.2|) , for every k - 1, 2, . . . , s, 

as 10 -> cu)t, so that from (|1.3|) and the residue theorem we 

obtain 

1 f t n xb'(t)dt A 1 r k (t n ti>'(t) t n xb'(t)\ 

FJz) = [rf)(z)f + <t> t + > 7- + TT^- * 

nV LVA " 2ra X </>(f) - z {-flm J ak \4> + {t) - z ^_(t) - z/ 

uniformly inzeEUiiasn— >oo. The theorem follows from this and Lemma 1531 □ 

Proof of Theorem [23] Let E c L2 \ {zi,...,z s } be an analytic arc and let < e < 
dist (E, {zi, . . . , z s }). For this e, choose 6 > such that Lemma IBTH holds. Note that E is 
a subarc of a larger analytic arc F c L2 with all points of E being interior points of E. 
Notice also that the set {w e T\ : ip(iv) e E} consists of two disjoint closed circular arcs 
contained in Ti \ {coi, . . . , co s }, that we denote by E" 1 , E" 1 . 



5 See remark at the beginning of the proof of Theorem l2.3l 
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By the Schwarz reflection principle, we can find disjoint open sets V\ D E 1 1 / 
V2 3 E" 1 , such that \p has an analytic continuation from Ax to Ai U V] U V 2 , which 
satisfies 

(i) ip is univalent on each Vj, i = 1,2, 

j^Vi) = i/>(^) C C \ U s k=1 D e (z k ), (5.50) 

and 

$<y-i n DO = j/>(V 2 n Ax) c Q, ^(Vj n A a ) = 1/^(^2 n D a ) c Q. 

Hence, 

j/»(Ai\(V 1 UV 2 ))nV»(Vi) = 0. (5.51) 

Also, if Y := Ti \ (Vx U y 2 U* =1 D 6 (co k )), then i/>(Y) is a closed set disjoint from E, 
and we can find a neighborhood Wy of Y and open sets V' v V' 2 

(ii) Y c Wy, E" 1 c V[ c Vi, E" 1 c c V 2 , = W 2 )' ( V x U ^) n Y = 0, and the 
analytic continuation of ip from Ai to Ai U Wy satisfies 

ip(W Y ) n ip(V[ U V' 2 ) = 0. (5.52) 

Then, the sets Wy, Vi, V2, D^cox), D5(co 2 ), . . . , Dg(a) s ), form an open covering of Ti, 
and we can find a with < 1 - a < 5, such that Lemma |5T2l a) holds and 

{w : a < \w\ < 1} c Wy U Vx U V 2 U (u£ =1 D 6 (a) fc )) . 
Let and V^' be two open sets of the form 

V" = {pi < \w\ < 1/px , a x < arg(w) < ft}, 
V'z = (P2 < M < l/p 2 , a 2 < arg(w) < ft}, 

such that 

E" 1 c v" cvjn ext(r a ), E" 1 c v' z ' cv' 2 n ext(r ff ), 

and let U := ^(VJ') n ^(V£), so that E c U c i/<Vi). 

If z e U and i/>(zw) = z for some w e A a , then by (15.1)1 and (|5.50|) we must have 
o> € Wy U (Ax \ (Vx U y 2 )) U^U V 2 - But, since IZ C $(V[) c i/>(Vx), (I53T1) and (15321 
imply that indeed w e Vx U F 2 . Since i/> is one-to-one on each V,, z = 1,2, and 
V' x ' c Vx n ext(r a ), c^n ext(T ff ), we conclude that w must belong to V" U V£. 
Hence, if z e IT and w Zl x £ V", ip Z/2 e V" are such that ip(zv Z/ x) = ip(zVz,2) = z ? then the 
function {ip(w)-z)~ l is analytic on ext(T a )\{iv Z/ x, Z0 Z/2 }, with simple poles at w Z/ x, iv Z/ 2 and 
continuous boundary values on T a . Then again, from (|1.3|) and the residue theorem 
we obtain 

F n (z) = (w Z/ x) n + (w z> x) n + —4) -lA^ + Y , m / m r 

2raJr„ i/>(f)-z j-i2nij 0k \ip+(t)-z ^_(t)-z/ 

(5.53) 

uniformly in z e IT as n — > 00. 



33 



Now, let <p+, cp- be, respectively, the inverse functions of ip\v'^, ^\v^ ■ Then both <p + , 
(p- are defined on U and for z e U, <p+(z) = w Zi \, <p-(z) = w Zr 2- But, by the Schwarz 
reflection principle, if 

U + := \\>{V'{ n Ax) n il>(V% n D a ) c Q, IT := ip(V% n A x ) n i/>(V^' n D a ) c Q, 

then U + is the reflection of U~ about E and <^± is the analytic continuation of c/)|u± 
across E to all of U. The theorem follows from 05.531) and Lemma 1531 □ 

Proof of Theorem [323 In this particular case, ip(w) = (w s + l) 1/s and 

ak = fp*-W°, z k = 0, A k = l/s Vke{l,...,s). 

Let the compact set E c G = {z : |z s - 1| < 1} be given, fix e with < e < 
dist(£, {z\,..., z s )), and for this e choose 5 satisfying Lemma [53] Then, as shown in the 
proof of Theorem [ZTJ for every 1 - 5 < a < 1 sufficiently close to 1, we have 



« x ro>k I t"ih' (jt) t n xb' (t) 



Z lp-(t) - z 



dt 



(5.54) 



uniformly in z £ £ as n — > 00. 

Notice that \p(iv) = e - 2nik/s ip (ive 2nik/s ) for k = 1, . . . , s. Then, from identity $!xTty if 
N -2s - I we get that for n = sra + Z (1 < I < s - 1), then 



Ja k H>±{t)-Z J tJk J l7k 



" J * f«^(f) [^±(0] 2s "'^ 



z 28 "' [V±(0-z] 



Hence, 



<"* t n ip' ± (t)dt 



2s-/ / s 



^ ~ Z 7=1 U=l 

oyeit-wxf-^^dt 

r^(o^ ± (or' _1 

(Tj 

-z'" 2s f"i// ± (f) [i/> ± (0] 



«(s+l-/)/s 



,o(n)) 



(5.55) 



Now, 

(w s + l) 1/s = s lls e in{s - l)ls \w - coi) 1/s 
and therefore, 



1 + 



(s- l)e-'' n / s (a;-Q)i) 
2s 



+ 0([w-wi) 2 ) 



f(w)[xp(zv)] 



s-l-l 



l/sJn( S -l)(s-l)/s 2 



s v '"e 



l/s , (s-l)(2 S -/)^- Wl )( s -')/ s 



(w - COi)"' /S + 

+6)(( W - Wl ) (2s - /)/s )] 
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2 se m/s 



(5.56) 



and 



ip'(w)[ifj(w)] 



2s-/-l _ J S -l)/s p m( S -l)(2 S -l)/s 2 (m _ ,(s-l)/s 



(iv - «i) (s - /)/s +0((w- coi) (2s "' )/s ) . (5.57) 



Theorem l3.9l is then obtained after somewhat lengthy computations by combining 
(15341 ), (15351) . d536fr. E§) and □ 



We conclude this section with the proof of (|2.4|) . 

Proof of (2jp . We shall prove the equivalent statement that for any two integers n,m > 
and real jS > -1, 

r(]S + l)n!(- log(n + jS + 1))™ [l + e^n)/ log(n + j8 + 1)1 
«*,(»> = 1 ' (5 - 58) 

where £« w (n) = (5(1) as n — > co. The proof is by induction on ra. For m = 0, (|5.58|) 
is trivially satisfied with £« /m (n) = 0. Assume that d5.58l > is also true for some m > 0. 
Integrating by parts we obtain 



bn+1 



{n) 



nap +1/m+1 (n - 1) {m + l)a^ m (n) 



jS + 1 jS + 1 

Since, ap+i im+ i{n - 1) = ap, m +i(n - 1) - a^ m +i{n), this gives 

, . nap /tn+ i(n - 1) (m + lja^n) 
a ^ m+l{n) = n + i 3 + l n + /? + l ' 

By iterating (|5.59|) and from the induction hypothesis we then obtain 

/x r(jS + 2)n!^, m+ i(0) fr(i + ^ + l)n!fl^(i) 

^ m+l(n) = r(n + + 2) (m + 1} L r(n + j 8 + 2)f! 



(5.59) 



r(jS + l)n!(m + 1) 
Y(n + p + 2)(-l) m+1 



ml 



+ 1) 



m+l 



+ 



(logO' + jS + l))" 



/=1 7 



+ + 1 



;'=i 



p, t >/m (/)(iog(/+ i s+i)r 



(5.60) 



Then, the validity of (15.581 ) follows immediately from ( 15.601 ) and the fact that for all 

m > 0, 



Y (io g (;+jg + i)r = r 



(log(x + ]S + l)) m rfx 



x + jS + 1 

(log(n + p + l)) m+1 
m + l 



+ 0(1) 



+ 0(1) 



as n — > oo. 



□ 
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6 Proofs of the zero results 



Proof of Corollary |3.2| Suppose there is a compact set E c G and a subsequence 
{tij} c N such that F* n .{z) has more that / - 1 zeros on £ counting multiplicities, where / 
is the number of corners of L (} < s). By assumption A.3 (and extracting a subsequence 
from {tij} if needed), we can assume that {F* } converges locally uniformly on G to a 
nonzero rational function R(z) with denominator having degree no larger than J — 1. 
By Hurwitz's Theorem, there is an open set II D E such that for all j large enough, F* n . 
and R(z) have the same number of zeros on LI, contradicting our assumption. 

We now show that v n — > \i, for which we use standard arguments. By Helly's 
selection theorem Ifl9l Thm. 1.3], from every subsequence of {v n }„>i it is possible to 
extract another subsequence converging in the weak*-topology to a measure Thus, 
to finish the proof, it suffices to show that every such limit measure \i is the equilibrium 
measure of L. 

Then, suppose v n . — > ji as / — > oo, so that by Corollary 13 .H and what we just proved 
above, [i must be supported on L. Let us denote by U a (z) the logarithmic potential of 
the measure a, that is, 

U a (z) := J log— Lda(f). 

Then, if k„ denotes the leading coefficient of F n , then k„ = {<p'(oo)] n , and we obtain 
from (13.11 ) and the fact that v n . — > \i, that for all z £ Q 

IT-'(z) = lim U v ">{z) = lim - log = log|f (oo)/<^(z)| . 

nj \t nj {z)\ 

On the other hand, it is not difficult to see from the definition of [it in (|3.6|) that for all 
zed, U^ L {z) = log (oo) / <p(z)\. Hence, y. and /i£ are two measures supported on L 
whose logarithmic potential coincide on Q, which in view of Carleson's theorem ||T9l 
Thm. 4.13] forces /J = fii- □ 

Proof of Theorem 13.41 . Suppose that for some subsequence {n v } v >\ c N, 

« A p 2nin v e k 

H n (z) = } — > f(z) as v -> oo. 

*—l Z — Zv 

k=l K 

By extracting a subsequence if necessary, we may assume that for some fixed I e 
{1, . . . , q}, n v = qm v + I with m v e N, and by the compacity of Ti, that for some real 
numbers ot2, ■ ■ ■ , oc u - 

lim e lnirk ^ e i = e 2nirk i a i, l<k<u,2<i<u, 

v— >oo 

so that by (I3.7I ), / must have the form (I3.8D . 

Conversely, we now show that given an integer I e {1, . . . , q} and arbitrary real 
numbers ocj, . . . , a u », it is possible to choose a subsequence {n v } v >\ such that 

lim e 2nmv0k = e \ * >~ 2 ' 'I = e \ qk '~ 2 1 } >, l<k<u. (6.1) 
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For this, we first observe that given arbitrary real numbers Xi, ■ ■ ■ >Xui it is always 
possible to find a subsequence [m v ) v >i c N such that 

lim ^kjVhOj = e Znir kj qx ii 1 < k < U, 2 < j < U . (6.2) 

V— >oo 

In effect, consider the set of linear forms in the variable x 

[rkjqOjX : 1 < k < u, 2 < j < u*\ , 
and suppose fe, 1 < k < u, 2 < j < u* , are integers such that 



k,j 7=2 U=l ) 



u" ( u \ 



is a linear form whose coefficient is an integer. Then, by the linear independence of 
the numbers 1, Qi, . . . 6 U -, we must have L^ = i ^kj r kj < l = f° r every 2 < j < u*. Hence, 
for an arbitrary collection of real numbers X2, ■ ■ ■ , Xw, we have ; ^jV^jqOjXj = 0, and 
so by Kronecker 's theorem O Chap. Ill, Thm. IV.], it is possible to find a subsequence 
{m v },,>i satisfying l|6.2|) . 

Then, choose a subsequence {m v } v >i satisfying (16.21) with x j - (aj-£9j)/q,2 < j < u*. 
Then, (|6.1|) is satisfied by the subsequence n v :- qm v + i, v e N. 

It only remains to prove that there is a rational function / of the form (13.81 1 that is not 
identically zero. Assume without loss of generality that the set {k: z% = Z\, 1 < k < u) 
consists of the numbers 1,2, ... ,u' for some u' < u. It suffices to show that it is 
impossible to have 



£ A k / m ^ +r ^' a L , €e[l q},a 2 a u * £ R. 



(6.3) 



k=l 



Assume, on the contrary, that this is the case. Since A\ ^ and r\ ; - for all 2 < j < u* , 
we must obviously have r^v = for all 1 < k < u' , 2 < j < u* , and consequently, 

6k = -, k = 1,2,. 

qk 

Let q' < q be the least common multiple of the denominators qi,qi,- ■ - ,qu', and 
for k - 1, 2, ... , u', set p' k := p k q' /qk, so that 1 < p' k < q', and since d\, Qi,..., 6 U > are 
pairwise distinct, so are the numbers p' v p' ir . . . ,p' u ,, and therefore u' < q' . Then, by 
(I6.3D we must have 



Y^Ak^f^O \/£e{l q'}. 

k=l 

But this homogenous system of linear equations with unknowns A^'s has only the 
trivial solution, since the Vandermonde matrix ( fl /,w) 1< ^ < , / a l,m - ( e2m C ^ ) / is non- 
singular. This contradicts that all the A^'s are nonzero. □ 
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Proof of Corollary [53] By Theorem |3.4j there is a subsequence {rij} c N such that {F* n } 
converges locally uniformly on G to a nonzero rational function. Then, proceeding 
exactly as in the proof of Corollary 13.21 we find that v n . — > y.i as / — * oo. □ 

Proof of Corollary 13.71 . This is just a straightforward consequence of Theorem |3 .4| and 
Hurwitz's theorem, therefore, we omit it. □ 

Acknowledgement. The author extends his gratitude to Prof. A. Martmez-Finkelshtein 
for valuable discussions relevant to this work. 
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